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I. Introduction
Recently a number of algorithms, which have important

application in Numerical Analysis, have been developed.
These algorithms concern themselves with quantitiles lying
in a two dimensional array, and relate four gquantlties
lying at the vertices of a lozenge in thisarray. This
simple fact means that one can easily derive eqguations
governing the propagation of error which takes place when
applying the algorithms [1 ] ; it means that one can easily
derive singular rules which may be applied when the
guantities involved become indeterminate [2] ; 1t means
that programming these algorithms can be done 1n a parci-
cularlyefficient way [ 3],[%4]; it means that confluent
forms of these algorithms may easily be derived[5]; it
means finally that by contracting the lozenge into a point,
partial differential equations corresponding to these algo-
rithms may easily be derived. These partial differential
equations are the subJject of This paper.

Tt transpires that in all cases which are considered
in detail the lozenge algorithms are first order finite
difference approximations to the derived partial differen-
tial egquations. It is emphasised at the outset that in tThis
treatment the partial differential equations are derived
from the finite difference equations, and not conversely
as 1is more often the case.

The purposes of this paper are twofold. In The
following section we shall discuss some properties of the
algorithms being considered and introduce certain definitions
of which subsequent use will be made. In the last section
we place on record the partial differential equations which
"have been referred to,and derive certain properties of the
solutions to these equations.

The algorithms of this paper connect certain guantities
Oy means of rational non-linear relationships: the partial



differential equations to which they lead may be expressed
as simultanecus non-linear partial differential eguations
of the first order in two dependent and two independent
variables. In this paper we do notclaim to give a general
theory of non-linear partial differential egquations ncr
even to give a comprehensive treatment of the type of
partial diff'erential equation beling considered. This paper
is merely a first step in this direction, in which we place
on record certalin partial differential equations whicl.
would seem to have fundamental significance in analysis.
and derive certain properties of their solutions. We hope
that by so doing we shall stimulate the more searching
inquliry which The subject undoubtedly merits.

I11. Lozenge Algorithms

The (bharray
The algorithms with which we are concerned relate members

of an array of quantities the general member ?%*which may
be denoted for the purposes of exposition by :. The array

may be displayed as follows:
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so that the superscript m 1indicates a diagonal and the
suffix s a column.

The algorithms are furthermore lozenge algorithms:
each quantility CHM\lS derived from a relationship of the

(w) (M) (m+4) (mtA)
{¢s+4> 435 4,<§3gf:}=0, (1)

The quantitilies occurring 1n this relationship are placed

f’orm

GQ

in the<ﬁnarray thus:

i.e. they occur at the vertices of a lozenge in the ¢)~
array.
In the so-called forward use of lozenge algorithms the “
procedure 1s as follows: initial values of d)(:l . (b(“q (wwo.; ,)
are prescribed and relationship (1) is solved for qb(w\‘)
Letting s=1,2,...; m=0,1,... in the resulting formula the
whole of the 4)~array is bullt up column by column.

As a simple example of a lozenge algorithm we give the

ffollowing:

() () (m (m
(bs""' +(b 435:? - ¢5:2 =0, (2)

Note: In the most general case relationship (1) is non-linear,
but to simplify the exposition the examples in this explanatory
section will be confined to linear cases.
Ir the most general case, the functional relationship

“qijm. depends upon both m and s. However, in many
SESRRECES ”thh have found practical application, the functional
relationship G(M){ 3 has two differing forms which depend
upon whether s is even or odd. For this reason we shall

distinguish the quantities ¢gﬁ with even and odd suffix
by writing



() - ()

20— —AYE 9 T = 2% (3)
and we shall replace the sxpgle relationship (1) by the two

relatlonshlps

(4)

The d)marray relating to dual lozenge algorithms 1s as
follows: (f}(o)
2.

C

() (0)

Z.Cbo (4) 24)4 ®)
(2) A T4 AT 2 )

2430 (2) (4) - - (o)
(3) ! 4)” Ad)ﬁ - 4({>w

The quantities occurring in relationship (4) are to
ffound in this array as follows:
b,
44}!“*4 Cb(‘“"'ﬂ) 1 (’)F

b7
5 | Vg 4)(&\#4) 5T
4 1w
An important advantage which results from this change 1-
that in many sSpecial cases which have been considered, if
the lozenge algorithm is presented in the dual form (4) tne
functional relationships involved can be represented solely
by means of rational operations; if the single relationship
(1) is retained this 1is not so.
An added reason for introducing the substitutions (3)

is that in The practical cases which have been studied, the



numerical behaviour of the gquantities ¢b§ Ciffers markedly

Lastly, in anticipatiocon of later text, it Is mentioned

that 1if the lozenge ailgorithm relatlionshics are applied tTo

P

certain special Initlial wvalues, Then determinanta}
expressions mayv be deriveda for the quantit.ies 4@@ : these
expressions differ in form depending upon whether s 1is

even or odd. As a simple example ¢f a dual lczenge algorithm

we give the followings:

) C;)(M) B (m%-ﬁ)

" A Y P4 =

to produce a recursion among The guantitiles
themselves. Indeed we have

@

and a similar relationship cobtains for the quantities %¢m

(6]

CA

If the single relationship (2) is to be expressed in

the form of a dual lozenge algorithm relationship, then we
have

Again 1t transpires that relationships (7) may be made to

o ? i n M3 QME
vield recursions among the quantities 44iw and R

alone.



4 d}(;mm.ﬂ 4(&@3”@3) Qm*—é?) - d}(ﬁ;ﬂv FA) N 0 (8)

)
and a similar relationship for the quantities @,$ o
IT.1 The Derivation of Partial Differential Egquations
We now consider the following constellation of values

in The - array: |
(o) 47 (#r—t)

cﬁ)f-—é Cb(wﬂ 27¢ (ra—a)
ATy (i 4) ¢$°7 @QM} 'ﬁchH
zcb' Gonbrd) 2 TP

£ g
@

fig.1.

(med) *

These values lie at certain points, the positionsof which are
determined by m and r, in the plane of the paper. We now
Introduce new coordinates x and y (which are assumed to be
continuous) and an interval h, so that the quantities lying

1ln the above large lozenge do so at the following points in
Che x-yv plane:

X, y— A%
X- JH“"'["’ 'm—k)gwk
x—-2l, y X, Y X+ 2‘@,3
)ka)g..g-lm, ‘W ‘i*i-‘ﬂjlj-ﬁ—tb
L,y+'a

This transformation of coordinates corresponds to the
supstitutions

W= O+ Zhlf\/) y — E*{” QCM-I—&;) h, (9)

where a and b are two constants.

We shall derive partial differential equations from the

Lozenge algorithm relatlonshlps (4) (11? the following way:
Wh
we replace The quantities 443,0 and ,¢€, by (possibly auxiliary

functions of) the functions A ci}(:x,g) and 24) (x+h,y+h), together
Wlth corresponding substitutions for the further quantities in
Fig.1; we then let the interval h tend to zero.
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In many cases we shall see That this process lesads o the

derivation c¢f partial differential equations satisfied by
the functions qD (x,v; and  L,P{x,y).
For example relationships (5) lead to trhe eqguarions

As h tends to zero we have tThe pair of partial differential
equations

b aby by - ads (1)

These are, of course, {(allowing for a change in notation)
the Cauchy-Riemann equatlions. Eliminating the functionﬁﬁz ]
we have

1Per + abyy = (12)

Equation (6) is a well-known first order finite-difference
approximation to the Laplace equation (12).

As a second example tc 1llustrate the above techniqgue
ffor deriving partial differential equations, we consider re-
lationships (7)), which lead to the partial differential

equations
4¢x_ - qﬁbg . ,,ﬂA);j = 2¢"% (13)

Again the function z#“ may be eliminated, and we have the
hyperbolic partial differential equation

= O (14 )

Using the coordinates x and y, the finite difference
relationship (8) may be written &s

4$<3ﬁ+ 2h y ‘3‘3 +'4¢(;3£, -2l 5 \5) = 4#3(5@; Y-+ QM) “ﬁ"‘. 4 " el 2 lf\;) . (15)

As 1s well known, both the partial differential equation
(14) and its first order finite difference approximation
(15) have the same solution
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L $Guy) = Do) - 2Gx-y)

independent of the size of the interval h; we shall see that
2 phenomenon closely resembling this 1s to be found 1n the

case of a partial differential equation derived from another
lozenge algorithn.

Now, - umqueness of— Afu walmby Sujos'{‘LHums

It will immediately be seen that if tThe functlonsiﬂ$(x:y0,

4@(x.y) 1n.equatlons (10) are replaced by the two functiocns
cb(X ;y) and cb(x v ) where y o
& (%, 2d(x,y), L& ()= h by (1)
where X is any constant, then the resulting partial differen-
tial eqgquations relatlng,@ and Qcp are the same as (11). There
is a similar freedom of choice in the auxililiary substitutions

leading to all the partial differential equations of this
paper.

|

II.2 Certain Properties of Lozenge Algorithms
Centro-Symmetric Algorithms

At this point we mention a remarkable property which 1s
possessed by the algorithms which have been used for the

purposes of illustration, and by cerftain of the algorit.uus
which have found application in practice.

We consider four quantities A,B,C,D, lying at the ver-
tices of the lozenge of Fig.Z2.

(X, A £ o ‘D/ £ = : /8
D B A’ ¢’ c’ A
C gt >’
Fig.?2 Fig.?3 Fig.4
and connected by the relationship
cb{A,B,C,'D} =0 (18)

We transpose the lozenge of Fig.2 about the line ¢ and

attach single dashes to the quantities involved, obtaining
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the lozenge of Fig.3. 1If we replace the guantities involved
in relationship (18} by the corresponding guantifties occur-
ring in the lozenge of Fig.5, then we obfTaln the relatlon-

Shilp
(b{D?'?CE’B?JA%mO o (49)

Similarly we can transpose The lozenge of Fig.2 about the
%imeiﬁ to obtain Fig.4 and the resulting relationship

@{B!?’AW’DH,CW%MO (.20)

Now in many cases it Jjust so happens That if The dashes
are removed, relationships (18), (19) and {(20) are the same.

Relationship (2) may be used to 1llustrate this pheno-
menon: in the notation of Fig.2 this may be written as

In this particular case, relationships (19) and (20) become
c' - A" =B' - D' (22)

and
AH‘ - C” — Dmm B" (93)

respectively. Clearl,, if the dashes are dlscarded, relatilon-
ships (21), (22) and (23) are the same.

It is easily shown that the same property 1s possessed
by the dual lozenge algoritnm relationships (7).
Definition 1. if the relationships of a i1ozenge algorithm
possess the property which has been described we shall refer
To such an algorithm as being centro-symmetrlc.

Partial differential equations derived from centro-

symmetric lozenge algorithms have a curious property.
We first introduce

Definition 2. If a system of two simultaneous first order
partial differential equations in the independent variables

x and y, and dependent variables 4¢Kx,y) and.%¢%x,y) is given
and the system remains
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unchanged if X and y, and simultaneouslyﬁb(xﬁy) and QC{D(X,y)
are interchanged, then this system 1s called self-conjugate
We have the following simple
Theorem 1. A system of partial differential equations
deriving from a centro-symmetric lozenge algorithm 1s self-
-gonjugate.

For example, subject To the interchanges described, the
partial differential equations (11) become

i.e. the system remailns the same.
Multiple Lozenge Algorithms

So far we have only considered dual lozenge algorithms
which concern two systems of quantitles (:" and Qéc:q
It is not difficult to envisage systems of k daistinct loze%‘%e
algorithm relationships concerning k systems quantities : Py

(i=1,2,..., k) of the form

() (m\ () Cmt—a') (wat 4') D
46” {,k'(i)h'“"" ¢ )ké)"“/l)kwd ¥ —a T = O
e | (m W [ (mEd) (md) D

(w) ” ) (inn +4) Y
ie!' {/iwﬂdfr)p ch(h 5 Lm4¢ 9 Lm‘2¢cp H‘)} - O, 1

(25)

However in the examples which have been given, and it ap-
pears generally to be true, the principle under which the
partial differential equations of this paper have been de-
rived is as follows: the lozenge algorithms lead to differ-
ence equatilions involving for example the functions "2.,4) (x-—h,y{—‘:{)

and aéb(x+y,y+h) ; when these functions are replaced 1in
the difference equation by their equivalent Taylor series eX-
pansions, the function q_¢3 (x,t) is cancelled from the equa-
tion and after division throughout by ‘/\/ there results an
equation involving the derivative g,¢x.
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In the <ase of a multiple lozenge algorithm of order higher
than two, the above process leads to an €eg.....ion between,
__for example, k(b(xmh, v+h) and ld}(x—rh, yv+h): after these
functions have been replaced by their eqgulvalent Taylor
series expansions, the funetions kd} (x,v) and ﬁé (x,y) do not
cancel from the resulting eguation.

Thus two is the highest order of the lozenge algorithms
which can lead to systems cof simultaneous first order partial
differential equations.

IT.% Properties of Partial Differential Equatilons
Adjoint Partial Differential Egquations

As is well known [6],p.13 ) systems of two simultaneous
first order partial differential equations involving two de-
pendent variables do not always lead to one partial differen-
tial equation involving one of the dependent variables. How-
ever, let us assume for the purposes of the following defini-
tion that in the cases considered in this paper, this 1is
possible.

Definition 3. If we are given a partial differential eqguation
with The dependent variable ddxx,y), and another with the
dependent variable g@(X4YJa then we shall say that Two
equations are adjoint if they may be derived by eliminating
the dependent variables .1¢Kx,yj and ‘44Kxgy0 respectively
from a system of two simultaneous first order partial diffe-
rential equations which relate these dependent variables.

The reason for giving this phenomenon = this name 1S

that if we are given, for example, The partial differential
equation sattisfied by ¢4¢(X,y), then we may adjoin to this
equation the partial differential equation by f¢&x,y) and

in this way proceed to a system of two simultaneous partial
differential eguations of the first order which may Dbe

easier to handle than the original partial differential
equatlon. This process 1S analogcus to the use of the adjoint
equation in the linear theory of partial differential equations.
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Theorem 2. Partial differential equations deriving in the
first place from single lozenge algorithms are seli-adjolint.

Classes of Partial Differential Equations
Notation: We dencte the argument sets

7 4 4 4 %
L)'ﬂj’ﬂ , = 3449%9’ =T, q}(&)ﬁ:ﬁ)
by D and D' reSpectlvely, and the argument sets

by A and A’ reSpectlvely
Definition 4. Suppose that two systems of simultaneous first

order partial differential equations

A B { D }‘ =0, 23 % D j = O _ (26)

) /9 / Ao NN
401D {=9 o ‘Le{bjwo (27)

exist, and furthermore that either by means of a pair of sub-

and

stitutions of the form

d-xid Y , op=pId] ~ (28)

equations (76) are transformed into equations (27).or +h=t by

means of a pair of substitutions of the form

4(b!:§‘ ‘M;{D} 2 ‘2@¢ﬂ:’/§/{bj I ‘ (29)

equations (27) are transformed into equations (26), then the
two systems (26) and (27) are said to be members of the same
differential class. _ .
Definition 5. If in the conditions of Definition 4 the argu-
ment sets S' and S of equations (28) and (29) may be replaced
by the sets A' and A respectively, then the two systems (26)
and (27) are said to be members of the same analytic class.
In the derivation of the partial differential equations
of this paper some degree of generalisation may be achieved
by letting the lozenges be of irregular size, and replacing
the substitution (9) by

x=a+f (r)h, y=b+g(m+r)h (30)
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However the resulting system of partial differential equa-
tions belongs to the same analyticclass as the original
system, and 1in this general exposltion where simpliclty of
presentation is tc be desired, the substitutions (9) are ad-
hered 10.
I1IT Special Lozenge Algorithms
ITI.1 The & -algorithm [7]

The €&-algorithm is a single lozenge algorithm whose
relationships ige 6 em+ﬂ |

(25 €25 e -1, (1)

The main function-theoretic property of the 'E~algoritnm may
be described as follows.(Gwven a power series >
it is formally possible Eﬁ:i to construct a double sequence
P#aé (1i,3=0,1...) of rational functions of z. The function

i i is the quotient of two polynomials, the numerator of the
f” degree, the denominator of the fﬂ] degree : this quotilient

1s characterised by the property that 1its series expansion
in ascending powers of z agrees with the serleswzzcﬁz,

as far as the term CHE&jfﬁa . Spe01floally'bw
-~ .
2 Py 7
I " =0 ﬁJJ o
by = : | - (32)
2 b7t
fd V3 0 & &
=20 P 144
Lo
8
where ;ﬂj Mcisz is some power series expansion with (in

general) non-zero coefficients.
The functions Pi § may be arranged in a two-dimensional

array (the Padé arrays in which the first suffix 1 1ndicates
a row number and the second suffix J a column numboer.

The connection between the € —algorithm and the Padé
array is this: that if the €&-algorithm relationships (31)

are applied to the initial wvalues



- =0 . &
€. =9, S < (23)
then | 97 [0}
() P B
g” E%QM%'W Mﬁwg")wv"ﬁ"qé;a > w ) (34)

We mention in passing that with the initial conditions (33)

the following determinantal formulae may be given

U\)\'\Qf\r@ M

Partial differential equations may be derived from relation-
ship (}’I) by maklng the substltutlons

(
_ ¢ (x, W s(x
s W4 E(0) ), (38)
As h tends to zero we have in Tturn
1 gx. 123 =1 2

22x 4y ’“’*4,]? (39)
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The functions ,&€(x,y) and %g(xjy) separately both satis-
fy the partial differential equatiocn

_’;..;.J

g, (L (40)

(wn)
As has been said the gquantities &ype are memvbers ol

the Padé array; if the grid variables m and r are replaced

by continuous variubles x and y and the dimensions of the
gerid are reduced, then the Pade array may be regarded as
points on a Padé surface. Equation (40), which is satisfied
by the function f&b@x,y) 1s the partial differential egquation
of the Padé surface.

The & -algorithm 1s centro-symmetric.

Theorem 3. Equations (39) are self-conjugate

The € ~algoerithm is a single lozenge algorithm.
Theorem 4. Equation (40) is self-adjoint.

There is a further property which is possessed by tThe
solutions to the partial differential equations which may be
derived from the ¢&€ -algorithm. Subtracting the first of
equations (39) from the second we see that the Jacobian

(R %gﬂ

4% 4&3

vanishes.

Theorem 5. If the pair of functions _g€(x,y) and Qg(x,y) are
any two solutions of eguations (39) then a functional relation-

ship of the form

"P <;4 2(}&,%‘)} QECKJ%)) = O

prevails between them.

III.2 The g-d algorithm [11]
The g-d algorithm is a dual lozenge algorithm whose re-

(41)

lationships are



In Numerical Analysis the main application of thne q-d
algorithm is in the spectral decomposition of a sequence of
iterates. In Analysis the gq-d algZorithm is s&gnifi@ant f'or
the following reason: Glven a power series Z @gz,ﬁ 1T 1s

S = ¢
formally possible to construct a continued fraction of tThe

f'orm

- . " (o) (er)

Z CZ  + Ciun & ﬂiﬂi a4 £ R B o - (43)
$=9 1 - 1- -

(the so-called corresponding continued fraction) whcese coef-
ficients are uniquely determined by the power series expan-

sion relationships

) | S : A
Z ng - Cvmz
$=0 /i_m
& | |
. d Z , o _
whereigggﬁzFL§z= and ;:%m;ﬂ% are two power series ex

pansions with (in general) non-zero coefficients. If the g-
-d algorithm is applied to The initial values

(o) (m) _ f
€,=0 , G, =Cun /Cu L (45)
(wn) (el
then the coefficients Gy , Sy of the continued fractions

(43) are the quantities occurring in relationships (42).
We mention in passing that if we denote the Hankel deteIr-

minant
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(46

/4
(57)

then it may be shown that the gquantities obtained by applying
the g-d algorithm relationships to the initial conditlons

(45) are given by

A (M #4)
. (m r4) (w2) ()
() H » H - ecm\ H ¥ 4 ‘4 r—4
Fe =m0 ey 7 T @ G (48)
r l4rmm v ¥

Partial differential equations may be derived {rom the
relationships (42) by making the substitutions

g q(ust) , e = eGb)

(49)
As h tends to zero, relationships (42) become
C’}\j - Cy 7 ‘
(50)
<SG = 9y ]

A

The functions q({x,y) and e(x,y) separately satisfy tie par-
tial differential equations

= (51)
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these form, of course, an adjﬂiyt sys&gm.

Again the coefficients 6?$ and €, may be regarded as
points on two surfaces g . X,y) and e(x,y); we may speak of
equations (51) and (57) as being the partial differential
equations of the corresponding continued fraction coeffic.ent
surfaces

The g -d algorithm is centro-symmetric.

Theorem 6. The partial differential equations (50) are self-
conjugate.

Note: When conducting experinents in the application of tThe

g -d algorithm, H.Rutishauser noticed a numerical phenomenon
closely akin to shock waves: Tthis corresponds T©TO The case 1n

which the equations (48) form a hyperbolic system.

To conclude this section on the g-d algorithm we describe
a remarkable phenomenon concerning the solutions of the par-
tial differential equations (50) and their first order finite
difference approximations (42).

Clearly, two solutions of (50) are

" : e T,
C},('I‘,%) = ex'hi ) e(m.;@ = C@ ”4)6 (53)

These conform to the initial conditions

O

in (42). In order to derive solutions of (42) corresponding
TO

(55)

and (54), use may be made of the following result Lﬁz:[:
if in (46) and (48)

¢ = L\;M C}um}es-/@m&-\(



Substituting n,

1. -1 - 8
. /%m 5 =& (58)

in (57), the soclutions of the finite difference equations

(42 ) are seen to be bi@
V. e @ @b, bh) « (e~ e

i.e.they agree with (53).
The meaning of this result 1s as follows: 1T we wilsh

to solve the partial differential equations (50) subject to
certain initial conditions and replace the partial differen-
tial equations by first order rinite difference approximations
then no matter how large the resultant truncation error may
be, the agreement ktetween the finite difference approximation

and the analytic solution is exact.
Note: The same phenomenon may be observed when considering

the solutions

C}Qxaﬂ)“‘ N oo 6(“1)&)“7@ (60)

but this case is somewhat trivial, since the truncation
error introduced by replacing the derivatives by first dif-

f'ferences, 1s zero.
III. % The first g-algorithm ( [ﬂﬁ:l, D.8)

This, a dual lozenge algorithin, 1S 1n essence a gene-
ralisation of the g-d algorithm; a displacement factor

1s introduced into the formulae which run

(o) @mm , Gl waﬂ G -2 =)
(S ) %‘L& = (3 QZ&MA> 82ﬁmz )

(61)
; () - (w) ) (0 45) jﬁ
<4 g‘g’g’ 3 254 = C/B - % 2.8 é%@..ﬁwa

Partial differential eguations may be derived from rciations
(671) by making the substitutions

g n3—) = A é(Qﬂ,lﬂ)J

.. (62)
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As h tends to zero, ther: follows

<4 T2 83 & % .
QEQS(%"‘“ ngvg = < SC&f)m«a g 28&”’ Y

III.4 The Second g-algorithm (L’I%] > P./‘S')
This, another dual lozen?e algorithm, 1s a wvariant of

the q -d algorithm Quantities és satisfy the relationships

Cwn 1) (\en -4

(M)
gas-a 82‘5 = 8 1%-2 g%—w
(wrt2) Crn )
(1 - 8@\(3“ O""*’D </l XS — %%ﬂ) b

Partial differential equantions may be derived from relations

(64)

(64) by making the substitutions
(r) (M)

8 =14 CxM} = ’2-36:"10 ” (65)

As h tends to zero, ther: follow

9—54E5“45 2Hx ; R
<4 ""293 4 Eu; = CSM"@H) 25%.51

We conclude this section on the second g- ol _oritnm by
remarking that if the q-d and the first and second g-algorithms
are used to extend fthe Cl) array from sets of initial conditions

(66)

which correspond, 1t may be shown that the gquantlities pro-
duced are inter-related.

()
More precicely, if the quantities C}(F\.:; of the q -d
algorithm are procduced from the initial conc 1tions
(vn) (nn
eo :‘:0) 4":1- Cw i /CW) (M@Q)ﬂj“’)
(67)
, (wn)
the quantities 85 of the first g-algorithm from
(vn) (wn) ()
5™ g _ [Con) (a0
S © g , 84 = S Con 14 ) (68)



g

and the quantitles <4 01 the second g-algorithm from

X 4 =R |
J CEP

Wty 3 ‘ A—yy - . I @ C |

Se ;o & s /s > (69)

then the following relationshipsmay be shown to obtain

These relationships may be transformed into functional
relationships between the solutions of the partial differen-

tial equations (50), (63) and (66) which result from sets of
corresponding initial conditions.

If the functions e(x,y), F(x,y) are produced from the

initial conditions
eloy)=0o . C’S’("J 4) = PG4
(771)
the functions g(x,y) , Qg(x,y) from the initial conditions

EE0) - SW-46), 1 8EN -, g

and the functionsﬂig(x,y),_g(x,y) from the boundary condi-

tions
(73)
then
(74)
(75)

Theorem 7. The system of partial differential equations (50),
(63) and (66) are menbers of the same analytic class.

I11.5 The W/-algorithm ( [13] .p.16)



are

ships (76) by making the substitutions
" ()

(i) ' ‘
“l/am = 4 “L('x"ﬁ) 2V “7,(1‘ ‘{)) (77)

As h tends to zero ther: ffollow

v s a4y,
iz.vl/"x_ “4% ) %47/]1 {D'Vl/y‘d (78)

The functions ,4¥, and 11/ separately satisfy the partial
differential equations

(80)
The partial differential equations (79) and (80) form, of
course, an adjoint system.
The Vv~algorithm is centro-symmetric.

Theorem 8. The partial differential equations (78) are self—
conjugate



:'::‘ 'f —~— Q M ﬁi y & ©w o :gl a-r e ’.Zﬂde 1 5« t ed by- J

(Mﬂr&gﬁﬂj » u) 58’1 }

1gorithm are counstructed ffrom

S@‘“"

PRV
. S A 8 ~
the quantities %ﬁ

the initial condlitions
(im) (n) |
= QR ﬂ; = O < | )
- @ M mﬂﬂgﬂ . IO Nt
YL A > G Y, KB&) )
and the quantities 55 of the € -algorithm from the initial
conditions

¥

(m) (wn)
Z z O & =
A > £o= 3l (83)
Then
’ (o 1) zu,m) () . (mta)  (wn) (m)
P = — wﬁ‘“ E N -
13 23 ‘b% P 24 23+ 2 ‘fbua—al A 7
(w1 in) () RN Cmnsin) €N (W) (814)
i%‘?’dm Sum"‘” 7/2,3” y guwﬁ = 22.3&-,9 _!Z/Zf.! ]

Again These relationships may be transformed into
functional relationships between certain solutions of the
partial differential equations {39) and {(78).

If the functions 4;(x,y)y 2§{x,y) are produced from fthe
initial conditiocons

4 & CO)%\)"?(;%) 3 zg(gﬁﬂBﬂO) (85)

and the functions ﬂ%ﬂx,y), ﬂ%(xjy) from the initial conditions

AVLCO) \ﬂ) = %(? Uﬂ\) J g%%\ﬁ) = 0O (86 )

Then

4233"%%» 4S5 =t E BT
Theorem 9. The partial differential equations (39) and (78)
are members of the same differential class.
III.6 The P-algorithm |14]
This is a single lozenge algorithm whose relationships

are



(38)

Its principal application in Numerical Analysis 1s In the

transformation of slowly convergent serles.

o)
7. are constructed from the initial

values
(W) (i) '
P*#“’ S Ioo ~ 3“‘“) (89)

it may be shown that

F‘ . l A‘VSMH ATCMH)SMh) /“‘f( Mﬂ)}SmH ) T ) AVGMH{S‘M:—@ }
ol v v/ ) — _
, AS&MI—; TR (wis) \ YIS ] l

< %
=91, ')ﬁF)

(90)
£/] Y2 £ r
(m\ (k+4)') G%rQ)S%mmyél (3%&0 uw.*,lﬁ qug)gmms
= YA CeA_
PM TFS*MH l /_\r mts) Sm;>
5= O C‘S,..-U)dj. ﬁﬁ’ﬂfﬂb

where the numerators and denominators in these expressions
represent the sth row of a determinant.

Partial differential eguations may be derived from re-
lation (88) by making the substitutions

> (w 43 () “
. k P('M)‘?l “4’9 (’1)33 > \A/J ng = %P Cl’H) o (91)

As h tends to zero we obtain

4t0x, ﬁ»ﬂj = X~ A, ’*F‘;fﬂ @./D:Lﬁ X—A . (92)

The functions ,-,P and ﬁlﬂseparately both satisfy the partial

differential equation

*17,“6%,7 - { U) B
| ﬂ”’ I‘m (93)



Thneorem 10.8quatic 23 15 self-adicint.
Al % w9 o » P g oy o : 4 k
SUubTrarting nre Tirat from tne second of eguations (02

we hnave

Thecrem 1. If %re pa:r of furztions ;o X,y) and ,p(xX,y! are
any two scluticns of equati-ns (382 then a funectiinal relation-
ship of The form
‘h ?
j}w( Wﬁiﬂ%>}@;}(’%ﬁ‘)7 = O o
y ' ’ L9 )

prevalls between Cthem.
IV Conclusiocn

The derivation of tre partial differential sguations re-
sulting from certain lozenge algerithms and the descr
of thelr formal progperties, which were announced in the
introduction, has now been completed. We remarik that a theory
of the types cf initial and boundary conditions which are
necessary ffor a zsolution to these egquations to exist, has
been constructed; but at the present time this i3 somewhat
speculative and incomplete, and we do not examine this aspect
of the thecocry hesre.,

When considering questiorns relating to the existence and
unigueness of the sclutions of a partial differential equation
it 1s of'ten of great assistance 1f expiicit solutions to a fi-
nite difference equation aprroximation t¢ the partial differen-
tlal equation can be given. In fthe case of all the algorithms
of this paper, if the initial conditions are chosen in a cer-
tain manner, determinantal fcrmulae for the solutlons of tThe
algoritnmic relationships can e derived (in certain cases such
formulae have been given). This property may well facilitate
further research, and makes the algoritnms of this paper parti-
cularly interesting.
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